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Linearized Euler Predictions of Unsteady Aerodynamic
Loads in Cascades

Kenneth C. Hall* and William S. Clarkt
Duke University, Durham, North Carolina 27706

A linearized Euler solver for calculating unsteady flows in turbomachinery blade rows due to both incident
gusts and vibratory blade motion is presented. Using the linearized Euler technique, one decomposes the flow
into a mean (or steady) flow plus an unsteady, harmonically varying, small-disturbance flow. Linear variable
coefficient equations describe the small-disturbance behavior of the flow and are solved using a pseudotime
time-marching Lax-Wendroff scheme. For the blade-motion problem, a harmonically deforming computational
grid that conforms to the motion of vibrating blades eliminates large error producing mean flow gradient terms
that would otherwise appear in the unsteady flow tangency boundary condition. Also presented is a new,
numerically exact, nonreflecting far-field boundary condition based on an eigenanalysis of the discretized
equations. Computed flow solutions demonstrate the computational accuracy and efficiency of the present
method. The solution of the linearized Euler equations requires one to two orders of magnitude less computer
time than solution of the nonlinear Euler equations using traditional time-accurate time-marching techniques.
Furthermore, it is shown that the deformable grid technique significantly improves the accuracy of the solution.

Introduction

U NSTEADY aerodynamic phenomena continue to pro-
duce serious aeroelastic problems in the development of

new turbomachinery including turbopumps used in rocket
propulsion and air-breathing turbomachines. These problems
stem in part from an inability to model the unsteady aerody-
namic behavior of cascades. Unsteady aerodynamic models
must be able to accurately predict unsteady aerodynamic loads
arising from blade motion and gust interaction. Furthermore,
these models must be computationally efficient if they are to
be part of a useful design system.

In recent years, several investigators have developed time-
accurate time-marching Euler1'6 and Navier-Stokes7'10 solvers
for analyzing unsteady flows in turbomachinery. These mod-
els are able to predict both small-disturbance (linear) and
large-disturbance (nonlinear) unsteady flows in cascades.
However, because of the large number of grid points required
in these analyses and the requirement that the analyses be both
accurate and stable, the maximum allowable time step used in
the calculations must be small making these calculations pro-
hibitively expensive for routine design use.

An alternative to the nonlinear time-marching appproach is
the linearized technique. In a linearized analysis, the flow is
assumed to be composed of a nonlinear mean (or steady) flow
plus an unsteady, harmonically varying, small-perturbation
flow. Linear variable-coefficient equations describe the un-
steady perturbation flow. Although limited to small-distur-
bance flows, solution of the linearized unsteady flow equa-
tions require much less computational time than the solution
of the full nonlinear unsteady flow equations.

Verdon et al.11'14 and Whitehead and Grant15 pioneered the
development of linearized potential solvers for the blade-mo-
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tion problem (that is, the flutter or aerodynamic damping
problem). Later, Hall and Verdon16 and Caruthers and Dal-
ton17 extended the linearized potential analysis to include the
effect of incident vortical and entropic gusts using the flow
decomposition technique of Atassi and Grzedzinski.18 The
linearized potential analyses, although computationally very
efficient, are only applicable when the mean flow is irrota-
tional and subsonic or weakly transonic.

The linearized Euler analysis—which is applicable to rota-
tional, nonisentropic, transonic, small unsteady disturbance
flows—was first introduced by Ni and Sisto.19 Ni and Sisto
used a pseudotime time-marching technique to solve the lin-
earized harmonic Euler equations. However, initial results
were confined to isentropic flows over flat-plate cascades.
Hall and Crawley20 later developed a direct method of solving
the linearized Euler equations and applied the technique to
realistic subsonic cascade geometries and transonic channel
flows. For transonic flows, Hall and Crawley used shock
fitting to model the motion of the shock. Although shock
fitting does provide sharp, clearly defined shocks and shock
motions, it is cumbersome and complex and, therefore, less
desirable than shock capturing. In a recent paper, Lindquist
and Giles21 outlined the conditions under which shock captur-
ing correctly models shock motion in a linearized Euler analy-
sis. The linearized Euler technique has shown the potential for
dramatically reducing the computational cost required to solve
unsteady subsonic and transonic flow problems in both two
and three dimensions while still modeling the dominant phys-
ics of the unsteady flow problem.20'22

Although several nonlinear time-marching Euler codes have
been developed that use moving or deforming computational
grids,23"26 most previous linearized potential and Euler solvers
have used computational grids fixed in space for solution of
the linearized equations.12'14'20 To calculate the flutter stability
of an airfoil, one assumes that the blades vibrate with a fixed
amplitude, frequency, and interblade phase angle. The lin-
earized equations are then solved to determine the unsteady
pressure on the airfoil surface. However, since the blades
vibrate through the stationary grid, the boundary conditions
that apply at the instantaneous location of the airfoil must be
extrapolated back to the mean location of the airfoil where the
boundary conditions are actually applied. Similarly, once the
unsteady flow solution has been found on the fixed grid, terms
involving the mean flow pressure gradient must be added to
the unsteady pressure at the mean blade location to obtain the
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unsteady pressure at the instantaneous position of the blade.
These gradient terms are difficult to evaluate accurately in
practice, especially near the leading edges of fan and compres-
sor blades. The resulting errors introduced at the airfoil
boundary make the computed solution of unsteady aerody-
namic loads on moving airfoils inaccurate and sensitive to
small errors in the computed steady flowfield.

To overcome some of the difficulties associated with fixed
grid potential calculations, Whitehead and Grant15 introduced
a linearized potential transformation that can be viewed as a
rigid-body motion of the grid. Because the grid in effect moves
with the airfoil, the scheme does not require extrapolation
terms at the airfoil boundaries. Although this approach allows
rigid-body motions of airfoils to be analyzed, flexible mode
shapes, which are common in turbomachinery aeroelasticity,
cannot be analyzed. Recently, Hall27 developed a linearized
potential analysis that uses a deforming grid and is capable of
analyzing both rigid-body and elastic airfoil motions.

This paper presents a deforming grid linearized Euler solver
that is suitable for the aerodynamic portion of the forced
response analysis of turbomachinery blades. The paper ad-
dresses two problems: the gust response problem, where a
nonvibrating row of airfoils interacts with a wake from an
upstream blade row; and the aerodynamic damping problem,
where vibration of the airfoils themselves induces aerody-
namic loads. It is demonstrated that the use of a deforming
grid results in significantly more accurate predictions of the
unsteady flowfield and aerodynamic loads. Furthermore, be-
cause the grid deforms elastically, the method can analyze
both rigid-body and flexible blade motions.

This paper also presents a new, numerically exact, nonre-
flecting far-field boundary condition. Unsteady flow compu-
tations require nonreflecting far-field boundaries to prevent
spurious reflections that would otherwise corrupt the solution.
Previous investigators have found the exact analytical behav-
ior of the linearized potential11'15 and the linearized Euler20

equations and matched these analytical solutions to numerical
solutions at the far-field boundary. This paper presents an
alternative approach. The exact far-field behavior of the dis-
cretized equations is found from an eigenanalysis. The result-
ing eigenmodes are used to construct numerically exact, two-
dimensional nonreflecting boundary conditions.

Results of the linearized Euler analysis demonstrate the
accuracy and efficiency of the method. The computed results
agree well with analytical flat-plate results for both gust re-
sponse and aerodynamic damping problems. Calculations of
unsteady flows through a typical compressor blade row show
the ability of the method to analyze unsteady subsonic and
transonic flowfields about loaded airfoils. Finally, it is shown
that the method is very efficient; typically, the method re-
quires one to two orders of magnitude less computer time than
nonlinear time-marching algorithms.

Theoretical Approach
Flowfield Description

Although viscous forces produce the wakes that are a prime
source of forced response in turbomachinery, inviscid effects
dominate the resulting wake interaction with a downstream
blade row so long as the flow remains attached and the
boundary layers are thin. Therefore, in the present analysis,
the fluid flow through a single row of airfoils is modeled as
two-dimensional, adiabatic, and inviscid. The governing equa-
tions of fluid motion are then the two-dimensional Euler
equations, which in differential form are given by

dy (1)
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where p is the density, u and v are the x and y components of
the velocity (i.e., components in the axial and circumferential
directions), e is the total internal energy, and hQ is the total
enthalpy. For an ideal gas with constant specific heats, the
total enthalpy is

r e+p y p
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where p is the static pressure and y the ratio of specific heats.
For numerical integration using finite volume schemes, it

will be convenient to use the integral form of Eq. (1) that
applies to a time-vary ing control volume D. If the x and y
components of velocity of the surface of the control volume
3D are ft and g,, respectively, then the integral statement of
continuity of mass, momentum, and energy is

d_
dt
- Udxdy + * • (F-ftU)dy

\ - gtU) dx = 0 (2)

Here U is the vector of conservation variables and F and G are
flux vectors given by

To solve for the nonlinear time-dependent behavior of the
flow requires that the Euler equations be time marched in a
time-accurate fashion. Such calculations are notoriously ex-
pensive. Fortunately, for many unsteady flows of interest to
aeroelasticians, the amplitude of unsteadiness of the flow is
small compared to the mean flow. Therefore, one can approx-
imate the unsteady flowfield as the sum of a nonlinear mean
flow plus a small-perturbation unsteady flow. The amplitude
of the unsteady perturbation will be of the same order as the
amplitude of the blade motion for the aerodynamic damping
problem or the amplitude of the wake disturbance for the
gust-response problem.

For the aerodynamic damping problem, we define a har-
monically deforming computational grid that conforms to the
motion of the airfoil. The computational coordinate system £,
TJ is to zeroth order the same as the physical coordinate system
x, y. To first order, it differs by a harmonically varying small
perturbation, i.e.,

(3)

(4)

(5)

where w is the frequency of blade motion. The first-order
complex perturbation functions / and g describe how the grid
deforms in physical space and are chosen so that the boundary
of the grid conforms to the motion of the airfoils. Note that
this formulation allows for both rigid-body and elastic blade
deformations. Shown in Fig. 1 is a typical computational grid
for the case of a cascade of airfoils pitching about their
midchords with an interblade phase angle a of - 180 deg. In
the physical coordinate system, the grid appears to deform
harmonically; in the computational coordinate system, the
grid appears stationary and undeformed.

Having defined the computational coordinate system, the
unsteady flowfield is now represented by the two-term pertur-
bation series

(6)
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where U is the vector of conservation variables representing
the mean background flow and u the vector of complex per-
turbation amplitudes of the conservation variables. Note that
we define the perturbation series in the computational rather
than the physical coordinate system. Hence, the unsteadiness
in the flow as seen in the physical coordinate system arises
from both the perturbation quantities u and the spatial defor-
mation of the nonuniform steady flowfield U.

In a similar fashion, the flux vectors are expanded in a
perturbation series. Taylor expanding the flux vectors about
the mean flow gives to first order

ou

dG
— -
ou

(7)

(8)

The Jacobians dF/dU and dG/dU are evaluated using the
mean flow solution U and are given by

dF_
du

0

- UV

and

dG_
du

0
- UV

7-3

where V2 = U2 + V2.
This form of perturbation analysis, where the perturbation

is taken about a coordinate system moving with the airfoil,
closely resembles the method of strained coordinates due to
Lighthill for analyzing singular perturbation problems.28 Since
the present problem is, strictly speaking, a regular perturba-
tion problem, the proposed coordinate straining is not re-
quired to formulate the problem. Nevertheless, using strained
coordinates eliminates troublesome mean flow gradient terms
that would otherwise appear in the flow tangency boundary
conditions and the evaluation of the unsteady surface pres-
sure, greatly improving the accuracy of the method.

Next, we express the temporal and spatial derivatives in the
physical coordinate system in terms of the temporal and spa-
tial derivatives in the computational coordinate system. To
first order,

(9)
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The first term on the right-hand side of each equation repre-
sents the zeroth-order part of the operator whereas the second
term represents the first-order part.

Having defined the computational coordinate system and
the perturbation series expansion of the flow variables, the
conservation variables, the flux vectors, and the differential
operators, (6-8) are substituted into the nonlinear Euler equa-
tions, (1). Making use of Eqs. (9-11), the Euler equations are
expanded in a perturbation series. Collecting terms of zeroth
and first order gives the mean flow and linearized Euler equa-
tions, respectively, i.e.,
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The general solution procedure is to first solve for the mean
flow. The mean flow equations are nonlinear in the mean flow
conservation variables U. The resulting steady solution is used
to form the Jacobians that appear in the linearized Euler
equations (13), as well as the mean fluxes. The linearized
equations are then solved for the perturbation flow u. Note
that the linearized Euler equations contain the homogeneous
term jCOM , which represents the time rate of change of the
perturbed conservation variables. Since the Jacobians are real,
it is this term that couples the real and imaginary parts of the
perturbation flow. Equation (13) also contains an inhomoge-
neous term (the right-hand side) that is a function of the
known steady flow and the prescribed grid motion. For the
gust-response problem, the inhomogeneous term is identically
zero since the computational grid is nondeforming.

For numerical integration of Eqs. (12) and (13), it is conve-
nient to make the mean flow variables U and the perturbation
variables u artificially time dependent. As suggested by Ni and
Sisto,19 we let

(14)

Substitution of this assumption into the nonlinear Euler equa-
tions (1) and again collecting terms of equal order gives

8U dF
(15)
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by

Fig. 1 Top: Grid in computational coordinate system £, iy (tenth
standard configuration cascade). Bottom: Grid in physical coordinate
system x,y for the case of a cascade of airfoils pitching about their
midchords with interblade phase angle a = -180 deg.
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Now both the nonlinear mean flow equations and the lin-
earized Euler equations contain explicit time-derivative terms
making the equations hyperbolic in time. This allows solution
of the equations using conventional time-marching al-
gorithms. The equations are marched in time until the conser-
vation variables reach their steady-state values. Hence, the
time-derivative terms in Eqs. (15) and (16) are driven to zero
and the original steady nonlinear and linearized unsteady Eu-
ler equations (12) and (13) are recovered. Furthermore, be-
cause we are only interested in steady-state values of U and u,
there is no need to time march the equations time accurately;
multiple-grid and local time stepping acceleration techniques
are used, greatly reducing the computational time required to
solve an unsteady flow problem.

For finite volume calculations, the integral form of Eq. (16)
is preferred. The integral form may be found either by direct
integration of the differential form [Eq. (16)] or by linearizing
Eq. (2). In any event, the resulting linearized integral state-
ment of conservation of mass, momentum, and energy is given

w d £ d r y +
/ *\ w

— « dry

= £/(d£d£+d/dry)

(F dg - G d/) (17)

Unsteady Boundary Conditions
To complete the specification of the fluid flow problem,

boundary conditions must be specified around the entire com-
putational domain. Since the linearized unsteady flow prob-
lem is of interest and the boundary conditions for steady flow
solvers are well known, we will present only the unsteady flow
boundary conditions. The discussion of far-field boundary
conditions is deferred until the section describing the numeri-
cal algorithm.

Flow Tangency
Suppose the vector R(s, r) describes the location of the

surface of the reference airfoil at time r, where s is the distance
along the airfoil surface. The assumption of small-amplitude
harmonic blade motion allows a perturbation series represen-
tation of the position vector, i.e.,

(18)

Substitution of Eq. (18) into the nonlinear flow tangency
condition leads to the first-order unsteady flow tangency con-
dition

v • n = j
dr

- n + V • s — • n (19)

where V and v are the mean flow and perturbation flow
velocities, respectively, and n and s are unit vectors normal
and tangent to the mean surface of the airfoil. The first term
on the right-hand side of Eq. (19) represents the upwash due to
airfoil translation. The second term represents the upwash due
to the local rotation of the airfoil surface. Note that unlike
fixed grid calculations, the present analysis does not require
any extrapolation terms since the grid moves with the airfoil.

Periodic Boundary Conditions
Because linear equations describe the unsteady perturbation

flow, we may superpose solutions. Without loss of generality,
then, it is assumed that the solution is spatially periodic with
interblade phase angle a. Therefore, upstream and down-
stream of the airfoil along the so-called periodic boundaries,
the boundary conditions take the form

w(£,ry + G) = u(%,vj)eja (20)

where G is the blade-to-blade gap. The assumption of complex
periodicity allows the computational domain to be reduced to
a single blade passage.

Numerical Algorithm
Grid Generation

The computational grids used in the present investigation
are H grids. Although useful for steady flow calculations, C
grids and O grids lack the resolution in the far-field region to
resolve short wavelength unsteady acoustic, vortical, and en-
tropic waves. Furthermore, rapid changes in grid resolution
can produce spurious reflections or attenuation of waves,
corrupting the unsteady solution. H grids provide good resolu-
tion throughout the computational domain and, therefore, are
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the natural choice for unsteady flow calculations. The present
analysis uses the same computational grid for both the steady
and unsteady flow calculations. The grid is generated for a
single blade passage using an algorithm based on the elliptic
grid generation technique due to Thompson et al.29

For unsteady flows due to blade motion, the unsteady grid
motion perturbations/and g must be defined. These perturba-
tion functions are somewhat arbitrary, although for computa-
tional accuracy, one would like / and g to be smooth func-
tions. Therefore, we use Laplace's equation to describe the
behavior of the grid motion perturbation on the interior of the
grid. A finite element technique is used to discretize V2/ = 0
and V2g = 0 on the steady computational grid. Dirichlet
boundary conditions are specified on the boundary of the
computational domain. These boundary conditions are chosen
so that the motion of the grid conforms to the motion of the
airfoils, satisfies complex perodicity across the periodic and
wake boundaries, and goes to zero in the upstream and down-
stream far fields. The last requirement is made to simplify the
implementation of the far-field boundary conditions. The dis-
cretized equations are solved directly using lower-upper de-
composition with back substitution. Figure 1 shows a typical
computational grid and corresponding unsteady grid deforma-
tion for the case of a cascade of compressor airfoils pitching
about their midchords with an interblade phase angle a of
- 180 deg.

Lax-Wendroff Integration Scheme
Both the steady and unsteady flowfields are computed by

time marching the pseudotime-dependent Euler equations (15)
and (16) to steady state using Ni's Lax-Wendroff tech-
nique.30'31 Local time stepping and the multiple-grid technique
are used to accelerate convergence to steady state. The steady
flowfield is solved first and the solution saved for use in the
unsteady flow calculations.

Ni's Lax-Wendroff scheme can be easily applied to the
linearized Euler equations with some minor modifications. To
illustrate, recall that the Lax-Wendroff scheme is based on the
Taylor series approximation

dun

——
dt

d2u"— -
QT

(21)

where AT is the time step and n denotes the nth time step.
Substitution of Eq. (16) into Eq. (21) gives

/ d dF d dGdu = AH - 1/2 AT ( yo>Aw + — — Aw + — — Aw
\ d£ dU drj dU
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Aw = AT
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3 dF
- ——

d dG
- —— (23)

Here b is a shorthand notation for the right-hand side of Eq.
(16). The right-hand sides of Eqs. (22) and (23) are approxi-
mated using conservative finite volume operators. The steady
flow solution is used to form the Jacobians dF/dU and
dG/dUand the inhomogeneous term b. Since these quantities
do not vary with time, they are calculated once just before the
start of the iteration procedure. Note that the homogeneous
source terms y'cow and juAu couple the real and imaginary
parts of the solution. A mixture of second-difference and
fourth-difference smoothing is used to eliminate spurious saw-
tooth modes and to capture shocks.

Far-Field Nonreflecting Boundary Conditions
Unsteady flow computations require nonreflecting bound-

ary conditions at the far-field boundaries to prevent spurious

reflections of outgoing waves. This section outlines a new,
numerically exact, nonreflecting boundary treatment for the
discretized small-disturbance equations.

The computational grid used in the present analysis is an
H-grid with / nodes in the axial direction and J nodes in the
circumferential direction. Although the solution of the lin-
earized Euler equations are found through an iterative rather
than a direct method, the converged solution may be thought
of as satisfying a large sparse matrix equation of the form

B, C,
A2 B2

c/_,
B,

«2

Uj

b,
b2

(24)

where «/ is the vector of perturbation variables along the /th
grid line in the axial direction, and 6/ is the vector of inhomo-
geneous terms arising from the motion of the grid and the
imposition of blade motion or wake excitations. The subma-
trices [/4/], [/?/], and [C/] are large sparse matrices, each of size
4J x 47, that depend on the details of the finite volume inte-
gration algorithm. For the Ni scheme with second-difference
smoothing, the submatrices [At], [/?/], and [C/] are block
tridiagonal, the blocks being 4 x 4 matrices. Upstream and
downstream of the blade row where periodic boundary condi-
tions are applied, 4 x 4 blocks also appear in the upper right
and lower left corners of the submatrices. The entries of these
matrices would change somewhat if a different discretization
scheme were used, but the form would be similar.

For the moment, consider the case where no far-field distur-
bances are imposed. If in the far-field the grid spacing in the
axial direction is uniform, the "streamline" grid lines are
parallel and straight, and the grid does not deform, then the
discretizecj equations are identical from axial station to axial
station. (Downstream the "streamline" grid lines must also be
aligned with the steady flowfield.) The discretized equations at
the /th axial station in the far field take the form

(25)

where now the matrices [A], [/?], and [C] are independent of
7. Because the equations are linear and the same from station
to station, a solution which satisfies the discretized far-field
equations at the /th station would also satisfy the equations at
any other far-field station. This, along with the insight that we
want to model the motion of waves in the far field, suggests
that we hypothesize that the solution in the far field is of the
form

(26)

where «/ is the solution at the /th station, zm is an eigenvalue,
um is the corresponding eigenvector, and wm is coefficient
which describes how much of each eigenmode is present in the
solution. Substitution of Eq. (26) into Eq. (25) gives

(27)

For this series to be zero, each term in the series must vanish
so that

(28)

Equation (28) is recognized as an eigenvalue problem for the
eigenmodes um and the corresponding eigenvalues zm. The
eigenvalue problem is put into a more conventional form by
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recasting Eq. (28) in state-space form, i.e.,

O
-B

O
C (29)

Roughly speaking, the eigenmodes of Eq. (29) correspond
to two-dimensional pressure, entropy, and vorticity waves that
travel up and down the duct. The eigenvalue zm is closely
related to the axial wave number km of an eigenmode. By
examining the eigenvalues of Eq. (29), one can determine
whether the rath eigenmode is traveling away from or toward
the rotor. On physical grounds, no waves should travel toward
the rotor for the flutter problem since such waves would
originate outside the computational domain or would be due
to artificial reflections at the far-field boundary. At the up-
stream far-field boundary, eigenmodes with eigenvalues zm
with a magnitude less than unity represent incoming waves
which decay as they move toward the rotor and hence should
be excluded from the solution (the wave number km has a
positive imaginary part). If the magnitude of the eigenvalue zm
is greater than unity, the corresponding eigenmode is an out-
going mode which decays as it moves away from the rotor (the
wave number km has a negative imaginary part). Such waves
originate from within the computational domain and are kept
as part of the solution. Finally, if the magnitude of the eigen-
value is unity (the imaginary part of km is zero), then the
direction that the wave travels is determined by its group
velocity; those modes which are found to be incoming waves
are to be excluded from the solution.

Figure 2 shows the eigenvalues of the upstream far-field
modes of the discretized Lax-Wendroff scheme for a typical
unsteady flow calculation. For this example, the blade-to-
blade gap G is 1.0, the inflow Mach number M is 0.7, the

+ Entropy and Vorticity
03 Incoming Pressure
CD Outgoing Pressure

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

Real Part of Far-Field Eigenvalue, Re(z]

Fig. 2 Top: Eigenvalues of upstream far-field modes of discretized
equations (Af-* = 0.7, G = 1.0, fl-oo = 55 deg, k = 1.287, a = -90
deg, A* =0.0601, and Aj = 0.0716). Bottom: Analytically computed
eigenvalues of far-field modes.

inflow angle 0_ „ is 55 deg, the reduced frequency k is 1.287,
and the interblade phase angle a is - 90 deg. The grid spacing
between axial stations in the far field in the x and y directions
is 0.0601 and 0.0716, respectively. Note that the blade geome-
try does not affect the far-field behavior other than to set the
gap. Figure 2 also shows the eigenvalues of the continuous
linearized Euler equations as they would appear in the z-
plane. The eigenvalues of the discretized system agree well
with the analytically determined eigenvalues for those eigen-
values near z = (1,0). These eigenvalues correspond to longer
wavelength (smaller interblade phase angle) modes that are
well modeled by the Lax-Wendroff scheme. Computational
modes with shorter wavelengths propagate with speeds and
decay rates different from their corresponding analytical
modes due to truncation error. Finally, note the computa-
tional eigenvalues outside the unit circle in the left-half plane.
These modes are spurrows computational with no physical
counterparts. In fact, one could say that all of the modes are
numerical in nature; some happen to be close to physical
modes (those with large wavelengths), and some do not. The
goal is to eliminate all reflections of outgoing waves as they
exist in the numerical scheme, whether or not they closely
resemble physical modes.

Consider the solution along two neighboring grid lines in
the upstream far-field region (stations / and / + 1). Together,
the solution at these two grid lines may be thought of as the
state of the solution at the ;th grid line. In general, this
solution will contain components of all of the eigenmodes,
incoming and outgoing. The state vector can be expressed in
terms of the characteristic variables w as

(30)

where [E] is the matrix of eigenvalues found by solving Eq.
(29) and [A] is the diagonal matrix of eigenvalues. [Equation
(30) is simply Eq. (26) in vector notation.] Therefore, the state
vector at the inflow boundary is related to the state vector at
the second grid line by the matrix identity

(3D

where [ T] is a transition matrix. The solution at the upstream
far-field boundary is then related to the solution on the inte-
rior by

(32)

The goal is to eliminate incoming waves from the solution.
Hence, after each basic Lax-Wendroff iteration, the solution
at the upstream boundary is found using Eq. (32). The ma-
trices Tn and J12> however, are constructed by first setting the
entries in [A] to zero that correspond to incoming modes
before applying Eq. (31). This has the effect of eliminating the
incoming characteristics from the solution at the inflow
boundary. Note that the matrices Tn and T12 need to be
computed just once before the start of the Lax-Wendroff
iteration procedure. Thereafter at each iteration, the far-field
nonreflecting boundary conditions require only a relatively
small matrix/ vector multiply.

Finally, for gust-response problems, Eq. (32) is replaced by

= ("gust) + [Tn T12] (33)

where wgust is a vector composed of the desired incoming
eigenmodes.

After each multiple-grid sweep, boundary conditions must
also be applied to the so-called changes. These boundary
conditions should be well-posed and homogeneous. There-
fore, at the end of each multiple-grid sweep, we apply one-di-
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Linearized Euler, 65 x 17 grid
A Linearized Euler, 129 x 33 grid

LINSUB (Whitehead)

0.4 0.6 0.8

Distance Along Chord, f /c

Fig. 3 Unsteady pressure difference on flat-plate cascade due to
incident vortical gust (Af_<x> = 0.7, G = 1.0, 0 = 45 deg, fl_oo = 45
deg, k = 2.221, and a = -180 deg).
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Method
Linearized Euler, 65 x 17 grid
Linearized Euler, 129 x 33 grid
LINSUB (Whitehead)

o.o 0.2 0.4 0.6 0.8 1.0
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Fig. 4 Unsteady pressure difference on flat-plate cascade due to
incident vortical gust (M_oo = 0.7, G = 1.0, 0 = 45 deg, fi-oo = 45
deg, k = 3.332, and a = - 270 deg).

mensional characteristic nonreflecting boundary conditions to
the changes. These boundary conditions, although reflecting
at the multigrid levels, do not affect the converged solution.
The overall far-field boundary treatment thus remains per-
fectly nonreflecting to all (two-dimensional) outgoing waves.

Numerical Results
Unsteady Flow in a Flat-Plate Cascade

To validate the present method, we computed a number of
unsteady flows about a cascade of flat-plate airfoils and com-
pared the results to those obtained from Whitehead's LINSUB
code.32'33 For all of the cases considered in this section, the
mean flow through the cascade is uniform with a Mach num-
ber M of 0.7. The stagger angle 9 is 45 deg, and the gap-to-
chord ratio G is 1.0.

To begin, we consider the case of an inlet distortion inter-
acting with the flat-plate cascade. In the nonrotating frame of
reference, the flow is axial with mean velocity U. The axial
velocity has a sinusoidally varying deficit A U with an inter-
blade phase angle a of - 180 deg. In the rotating cascade
frame of reference, the airfoils thus see an unsteady gust with
a reduced frequency k (based on the chord c) of 2.221. Under
these conditions, the flow is superresonant; pressure waves
with an interblade phase angle a of + 180 deg propagate in the
far field. Any reflection of these pressure waves off the far-
field boundaries would cause an unattenuated wave to propa-

gate back into the computational domain, corrupting the
solution. Therefore, this case provides a good test of the
nonreflecting boundary conditions. Figure 3 shows the com-
puted real and imaginary parts of the unsteady pressure differ-
ence across the surface of the reference airfoil. These results
were computed on both a coarse grid (65 x 17 nodes) and a
fine grid (129 x 33 nodes). For comparison, the essentially
exact results from Whitehead's LINSUB code are also shown.
Note that the computed solutions agree very well with the
exact solution, even near the leading edge where the solution
contains a square root singularity.

The next flat-plate example is for the case of an inlet distor-
tion with an interblade phase angle a of - 270 deg and a
reduced frequency k of 3.332. As seen in Fig. 4, the agreement
between the linearized Euler analysis and the exact solution,
although not quite as good as for the preceding case, is excel-
lent. Furthermore, it appears from these results and from
other numerical experiments performed by the authors that
the present linearized Euler scheme is second-order accurate
when fourth-difference smoothing is used and first-order ac-
curate when second-difference smoothing is used.

Next, consider the case where the airfoils undergo a plung-
ing motion with an interblade phase angle a of - 180 deg and
a reduced frequency k of 2.221. Again, as shown in Fig. 5, the
linearized Euler analysis is in good agreement with the exact

Symbol
CD
A

———

Method
Linearized Euler, 65 x 1
Linearized Euler, 129 x
LINSUB (Whitehead)

7 grid
33 grid

Real

0.0 0.4 0.6

Distance Along Chord, f /c

0.8

Fig. 5 Unsteady pressure difference on flat-plate cascade due to
plunging motion (M_oo = 0.7, 9 = 45 deg, f l_oo = 45 deg, k = 2.221,
and a = -180 deg).

0.2 0.4 0.6 0.8

Distance Along Chord, f/c

Fig. 6 Steady pressure distribution on tenth standard configuration
airfoil (M_oo = 0.7, G = 1.0, 0 = 45 deg, and ft_oo = 55 deg).



HALL AND CLARK: UNSTEADY AERODYNAMICS IN CASCADE LOAD 547

solution for this superresonant case. As with the gust-response
examples, the leading-edge singularity is well predicted, the
solution appears to be second-order accurate, and the far-field
boundary conditions produce no spurious reflections.

Unsteady Subsonic Flow in a Compressor
Having demonstrated the accuracy of the method for a

flat-plate geometry, we next consider unsteady flows in a more
realistic compressor geometry. The purpose of these test cases
is to demonstrate the method's ability to compute accurately
the unsteady flow over loaded airfoils, the computational
efficiency of the method, and the effectiveness of the far-field
boundary conditions.

The cascade considered in this section is the tenth standard
configuration,34 which is a cascade of cambered airfoils with a
slightly modified NACA 0006 thickness distribution. The air-
foil has a circular arc camber distribution with a maximum
height of 5 percent of the chord. The stagger angle 9 is 45 deg
and the gap-to-chord ratio G is 1.0. The mean inflow angle
Q _ oo is 55 deg and the inflow Mach number M_x is 0.7. Figure
6 shows the mean flow surface pressure calculated using the
present steady nonlinear Euler solver as well as an Euler solver
developed by Huff6 that uses a flux difference splitting al-
gorithm. For the case considered here, the maximum Mach
number on the suction surface is about 0.92.

Having computed the steady flow through the blade row,
the unsteady flow due to a steady inlet distortion in the stator
frame of reference is computed. For this example, the in-
terblade phase angle a is - 90 deg and the reduced frequency
k is 1.287 corresponding to a disturbance with a wavelength in

¥[ Suction
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Linearized Euler, 129 x 33 grid
LINFLO (Hall and Verdon)
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Fig. 7 Unsteady pressure distribution on tenth standard configura-
tion airfoil due to an incident vortical gust (M-oo = 0.7, k = 1.287,
andcr= -90 deg).

Symbol Method
Linearized Euler, 65 x 17 grid
Linearized Euler, 129 x 33 grid
Linearized Euler (fixed grid), 65 x 17 grid
Linearized Euler (fixed grid), 129 x 33 grid
Nonlinear Euler (Huff), 121 x 41 grid
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Fig. 8 Unsteady pressure distribution on tenth standard configura-
tion airfoil due to plunging motion (M_oo = 0.7, k = 1.287, and
a=-90deg).
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Fig. 9 Convergence histories for gust-response calculations using
different numbers of multiple-grid levels,

the circumferential direction of four blade-to-blade gaps. In
the stationary frame of reference, the total enthalpy is con-
stant. Figure 7 shows the calculated unsteady pressure distri-
bution. The good agreement between the coarse grid and the
fine grid solutions shows that the fine grid solution is nearly
grid converged. Also shown is the solution computed using a
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Fig. 10 Unsteady pressure distribution on tenth standard configura-
tion airfoil due to plunging motion (M-00 = 0.7, k = 2.573, and
a = -180 deg).

linearized potential code (LINFLO).16 The overall agreement
with the LINFLO analysis is good although there is a slight
discrepancy in the real part on the suction surface.

Next, we consider unsteady plunging motion of the com-
pressor blades. For the first example the blades vibrate with an
interblade phase angle a of - 90 deg and a reduced frequency
k of 1.287. Figure 8 shows the unsteady pressure distribution
on the surface of the reference airfoil found using the present
linearized Euler analysis and the nonlinear time-marching Eu-
ler analysis of Huff. Note that the coarse and fine grid solu-
tions are in excellent agreement with one another and also with
the nonlinear Euler solution.

Also shown in Fig. 8 are linearized Euler solutions calcu-
lated on fixed (i.e., nondeforming) computational grids. For
these solutions, extrapolation terms which depend on mean
flow gradients must be added to the airfoil boundary condi-
tions and to the expression for the unsteady surface pressure
to account for the fact that the airfoil vibrates through the
stationary grid. Large errors are seen in the solutions com-
puted on the fixed grid, especially around the leading and
trailing edges. These errors are inevitable when using a fixed
grid due to the difficulty in evaluating the gradient of the
mean flowfield near the airfoil surface.

Figure 9 shows the convergence histories for the preceding
(deforming grid) calculation on the coarse grid using the basic
Lax-Wendroff solver along and with Ni's multiple-grid accel-
eration technique.30 Without the multiple-grid accelerator, the
linearized unsteady Euler analysis required 6433 iterations to
converge. With three levels of the multiple-grid accelerator,
the analysis required just 773 iterations, corresponding to

about 14 min of computer time on a Stardent 3000 worksta-
tion. The nonlinear time-marching solution, on the other
hand, required 7384 iterations and approximately 88 min on a
CRAY-YMP. When also taking into consideration the differ-
ence in speeds of the two computers, one concludes that the
linearized Euler analysis is nearly two orders of magnitude
faster than the nonlinear analysis while still modeling the
essential features of the unsteady flow.

Finally, we consider a moderately high reduced frequency
blade motion case to demonstrate the limitations of the pre-
sent method. For this case, the airfoils vibrate in plunge with
an interblade phase angle a of - 180 deg and a reduced
frequency k of 2.573. Figure 10 shows the computed surface
pressure distribution. Also shown for comparison are the re-
sults of a linearized potential analysis26 and a time-marching
Euler calculation. The potential solution, which was com-
puted on an extremely fine grid (200 x 50 nodes), is grid
converged. The fine grid linearized Euler calculation is in very
good agreement with the potential calculation. The coarse grid
linearized Euler calculation, on the other hand, differs signifi-
cantly from the potential solution on the suction surface. On

Fig. 11 Contours of unsteady pressure for cascade of plunging tenth
standard configuration airfoils (Af_oo = 0.7, k = 2.573, and
a= -180 deg).

0.2 0.4 0.6 0.8

Distance Along Chord, f/c

Fig. 12 Steady pressure distribution on tenth standard configuration
airfoil (Af-<* = 0.8, G = 1.0, 9 = 45 deg, and ft-« = 58 deg).
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Fig. 13 Unsteady pressure distribution on tenth standard configura-
tion airfoil due to plunging motion (M-00 = 0.8, k = 1.287, and
a= -90deg).

the suction surface, where the Mach number is large, upstream
traveling pressure disturbances have very short wavelengths
that are difficult to resolve. Of course, adequate grid resolu-
tion is essential for both nonlinear and linearized analyses. We
suspect that the discrepancy between the linearized Euler and
nonlinear Euler solutions is due in part to the fairly coarse grid
used to obtain the nonlinear Euler solution.

Figure 11 shows the unsteady pressure contours for this
blade-motion case. Of particular interest is the behavior of the
solution in the far-field region. For this example the flow is
superresonant upstream and subresonant downstream. In
both the upstream and downstream far-field regions, the pres-
sure contours are seen to pass smoothly out of the computa-
tional domain without reflection, demonstrating the effective-
ness of the far-field nonreflecting boundary conditions.

Unsteady Transonic Flow in a Compressor
To demonstrate the transonic capabilities of the present

analysis, we again consider the tenth standard configuration
compressor cascade. The upstream Mach number M_ «, is now
0.8 and the inflow angle 12_oo is 58 deg. Figure 12 shows the
computed steady pressure distribution. Note in particular the
transonic patch on the suction surface of the airfoil. The
present steady Euler solver captures the resulting shock over
about five grid points. Also shown is the nonlinear Euler
solutions of Huff. Note the sharp shock definition afforded
by the flux difference splitting scheme.

Figure 13 shows the computed unsteady pressure distribu-
tion for the case where the blades vibrate in plunge with an

interblade phase angle a of - 90 deg and a reduced frequency
A: of 1.287. The agreement between the linearized analysis and
the nonlinear time-marching Euler analysis is excellent,
demonstrating the ability of the present analysis to model
accurately transonic flows. Of particular interest is the "shock
impulse" seen on the suction surface. The area of this impulse
represents the unsteady load acting on the airfoil due to the
unsteady motion of the shock. Although the widths of the
shock impulses predicted by the linearized and nonlinear Euler
solvers is somewhat different, the integrated areas of the im-
pulses are approximately equal.

Concluding Remarks
This paper has presented a linearized unsteady Euler analy-

sis suitable for analysis of the aerodynamic loads in turboma-
chinery blade rows arising from both incident gusts and un-
steady blade motion. Linear variable-coefficient equations
describe the unsteady small-perturbation flow. These equa-
tions have a similar form to the nonlinear Euler equations and
are solved very efficiently using a multiple-grid Lax-Wendroff
algorithm. For blade-motion problems, the use of a harmoni-
cally deforming grid eliminates mean flow gradient terms
from the flow tangency boundary condition and unsteady
surface pressure evaluation, dramatically improving the accu-
racy of the method. Another important feature of the present
analysis is the treatment of the far field. Eigenmodes, found
from an eigenanalysis of the far-field discretized equations,
are used to construct numerically exact nonreflecting
boundary conditions.

Several flat-plate test cases were presented, and the com-
puted results agreed well with exact solutions. Comparisons of
computed unsteady subsonic and transonic flows about a cas-
cade of compressor blades to a nonlinear time-marching Euler
analysis demonstrate the ability of the present method to
predict accurately unsteady aerodynamic forces on loaded
airfoils operating at moderate reduced frequencies. Further-
more, typical unsteady flow calculations require a fraction of
the computational time required to perform similar calcula-
tions using nonlinear time-marching techniques, making the
present analysis an ideal engineering design tool.
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